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Abstract
The so-called Gazeau-Klauder and Perelomov coherent states are intro-
duced for an arbitrary quantum system. We give also the general framework
to construct the generalized intelligent states which minimize the Robertson-
Schro¨dinger uncertainty relation. As illustration, the Po¨schl-Teller poten-
tials of trigonometric type will be chosen. We show the advantage of the
analytical representations of Gazeau-Klauder and Perelomov coherent states
in obtaining the generalized intelligent states in analytical way.
1
1 Introduction
Coherent states, known as the closest states to classical ones, play an important
role in many different contexts of theoretical and experimental physics, especially
quantum optics [1, 2, 3] . Schro¨dinger first discovered the coherent states for the
harmonic oscillator potential in 1926 [4] and much work has been done since then
on their properties and applications [5, 6]. The coherent states have also been
found in systems with the Lie group symmetry [7, 8]. Recently, coherent states
have been found in special Hamiltonians [9]. These coherent states are called
minimum uncertainty coherent states. In coherent states the standard deviation
of X (coordinate) and P (momentum) are equal and their product is minimum
over states. There are also quantum states where, through we have minimum
uncertainty for the standard deviation of coordinate and momentum, they are
not equal any more; those states are called squeezed states. These states are
as important as coherent ones their generation play an important role in many
different branch of physics.
There exist three definitions of coherent states. The first one defines the usual
coherent states as eigenstates of the annihilation operator a− for each individual
oscillator mode of the electromagnetic field
a− |z〉 = z |z〉 . (1)
Here [a−, a+] = 1 ((a−)† = a+) and z is a complex constant with conjugate z¯. The
resulting unit normalized states |z〉 are given by
|z〉 = e− |z|
2
2
∞∑
n=0
zn√
n!
|n〉 , (2)
where |n〉 is an element of the Fock space H ≡ {|n〉 , n ≥ 0}. A second definition
of coherent states for oscillators assumes the existence of a unitary ′′displacement′′
operator D (z) defined as
D (z) = exp
(
za+ − z¯a−
)
. (3)
The coherent states parametrized by z are given by the action of D (z) on the
ground state |0〉. The unitarity of D (z) ensures the correct normalization of |z〉.
The Baker-Campbell-Hausdorff relation (BCH)
eAeB = eA+B+
1
2
[A,B], (4)
valid only for any two operators A and B that both commute with the commutator
[A,B], implies the equivalence of this definition with the one above.
A third definition is based on the uncertainty relation, with the position X and
momentum P given, as usual, by
X =
1√
2
(
a− + a+
)
, P =
i√
2
(
a+ − a−
)
. (5)
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The coherent states defined above have the minimum-uncertainty value 2∆X∆P =
1 and maintain this relation in time (temporal stability of coherent states). Coher-
ent states have two important properties. First, they are not orthogonal to each
other. Second, they provide a resolution of the identity, i.e., they form an over
complete set states.
A central goal of this article is to extend the above three definitions for an
arbitrary quantum system (exactly solvable) and comparing the equivalence be-
tween them. Note that an attempt in this sense was considered by Nieto et al [9]
concluding that the three definition are generally inequivalents. Our analysis is
different from the Nieto et al ones for several reasons which will be clear in the
sequel of this paper.
The method we adopt is an extension of the group-theoretical approach to co-
herent states which generalizes the displacement operator definition. We call the
obtained coherent states: coherent states of Perelomov type. The latter will be
compared with Gazeau-Klauder coherent states constructed using the approach
adopted by Barut-Girardello [10, 11] (see also the references 12 , 13 and 14) for
an arbitrary quantum system. To extend to third definition, we solve the eigen-
value equation of states minimizing the Robertson-Schro¨dinger uncertainty relation
which extend the Heisenberg one. These states are called Generalized Intelligent
States (GIS) [15, 16]. We show that the set of GIS includes the Gazeau-Klauder
coherent states in a particular situation.
This paper is organized as follows: Creation and annihilation operators for an
arbitrary quantum system (exactly solvable) are introduced in section 2. These
operators are used to define Gazeau-Klauder coherent states in section 3. Sec-
tion 4 is devoted to give a general algorithm leading to the Perelomov coherent
states. States minimizing the Robertson-Schro¨dinger uncertainty relation are con-
structed in section 5. The results of sections 3, 4 and 5 are applied to a quantum
system evolving in Po¨schl-Teller potentials. In particular, using the analytical rep-
resentations of Gazeau-Klauder coherent states and Perelomov ones, we give the
generalized intelligent states under analytical forms (section 6). The last section
concerns a summary of the main results of this work.
2 Creation and annihilation operators for an ar-
bitrary quantum system
We start with general consideration on the creation and annihilation operators
from the factorization of a given Hamiltonian admitting a non-degenerate discrete
infinite energy spectrum. Let us assume that the Hamiltonian H of a quantum
system admits infinite spectrum of energy {En, n = 0, 1, 2, ...} such that the fun-
damental energy E0 = 0 and the others are in increasing order, i.e.,
E0 = 0 < E1 < E2... < En−1 < En < ... (6)
For such a system, we known that the fundamental state ψ0(x) and the potential
V (x) are closely related so that the factorization is possible. Indeed, the time
3
independent Schro¨dinger equation for ψ0(x) reads
Hψ0(x) =
(
−1
2
d2
dx2
+ V (x)
)
ψ0(x) = 0, (7)
and we have
V (x) =
1
2
ψ
′′
0 (x)
ψ0(x)
, (8)
where the prime means the derivation with respect to x.
The usual factorization of H is then given by
H = A+A− (9)
with
A+ =
1√
2
(
− d
dx
+W (x)
)
, A− =
1√
2
(
d
dx
+W (x)
)
, (10)
where the superpotential W (x) satisfies the Riccati equation
V (x) =
1
2
(
W 2(x)−W ′(x)
)
. (11)
It is clear, from equations (8) and (11), that W (x) takes the form
W (x) = −ψ
′
0(x)
ψ0(x)
. (12)
From equation (10), we have
[
A−, A+
]
=W
′
(x), (13)
which generalizes the usual one for the harmonic oscillator (W (x) = x). The op-
erators A+ and A− are not the creation and annihilation operators of H. Then, we
are interested now in identifying the operators creating and annihilating the quan-
tum states of the system under consideration. The key ingredients in constructing
them is to define the operator H+ = A
−A+ obtained from H = H− = A+A− by
reversing the order of A− and A+. The operator H+ is in fact an Hamiltonian
corresponding to a new potential V+ (x) .
H+ = −1
2
d2
dx2
+ V+ (x) , V+(x) =
1
2
(
W 2(x) +W
′
(x)
)
. (14)
The potentials V− (x) = V (x) and V+(x) are known as supersymmetric partner
potentials and H− ≡ H and H+ are isospectrals (H+ is also exactly solvable).
Indeed, the Schro¨dinger equation for H−
H− |ψn〉 = En |ψn〉 , (15)
implies
H+
(
A− |ψn〉
)
= En
(
A− |ψn〉
)
. (16)
Similarly, the Schro¨dinger equation for H+
4
H+ |θn〉 = en |θn〉 , (17)
implies
H−
(
A+ |θn〉
)
= en
(
A+ |θn〉
)
, (18)
where en are the eigenvalues and |θn〉 are eigenstates of H+. From the latters
equations and the fact that E0 = 0, it is clear that the energies and eigenstates of
H− and H+ are related by
en = En+1,
A− |ψn+1〉 =
√
En+1e
i(En+1−En)α |θn〉 , (19)
A+ |θn〉 = √ene−i(En+1−En)α |ψn+1〉 , (20)
where α ∈ R. Notice that if the eigenstates |ψn+1〉 (|θn〉) ofH− (H+) is normalized,
then the wavefunctions |θn〉 (|ψn+1〉) in equations (19) and (20) is also normalized.
Further, the operator A− (A+) converts an eigenfunction of H− (H+) into an
eigenfunction of H+ (H−) with the same energy. Thus, the operators A− and
A+ connect the states |ψn〉 and |θn〉 and can not be considered as creation and
annihilation operators forH ≡ H−. To define the ladder operators for the quantum
system described by H , we consider the unitary transformation U connecting the
basis {|ψn〉} and {|θn〉} as follows
|θn〉 = U |ψn〉 (21)
with
UU+ = U+U = I. (22)
The explicit structure of the unitary operator U is given by
U =
∑
n,m
Unm |ψn〉 〈ψm| , (23)
where the elements Unm are evaluated by
Unm = 〈ψn |θm〉 =
∫
ψ∗n (x) θm (x) dx. (24)
Note that in the harmonic oscillator case U = I.
At this stage, we can introduce the creation and annihilation operators of H
by
a+ = A+U, a− = U+A−. (25)
The actions of the operators a+ and a− on the states {|ψn〉} are given by
a+ |ψn〉 =
√
En+1 e
−i(En+1−En)α |ψn+1〉 , (26)
a− |ψn〉 =
√
En e
i(En−En−1)α |ψn−1〉 . (27)
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Note that a+a− = A+A− = H. It is easy to show that
|ψn〉 = (a
+)
n√
E(n)
eiEnα |ψ0〉 , n > 0, (28)
where we have defined
E(n) = E1E2...En (29)
and for n = 0 , E(0) = 1.
The exponential factor appearing in all these expressions produces only a phase
factor and will be significant for the temporal stability of the coherent states we
will construct in the following. From the equations (26) and (27) , we have also
[
a−, a+
]
|ψn〉 = (En+1 −En) |ψn〉 . (30)
Let us now introduce the operator N such that
N |ψn〉 = n |ψn〉 , (31)
which in general (for an arbitrary quantum system) different from the product
a+a− (= H). We can see that it satisfies the following properties
a−N = (N + 1) a−, a+ (N + 1) = Na+. (32)
We are then able to define an operator G such that[
a−, a+
]
= G(N), (33)
which acts in the states |ψn〉 as
G(N) |ψn〉 = (En+1 −En) |ψn〉 . (34)
The operator G is hermitian.
3 Gazeau-Klauder coherent states
3.1 Eigenstates of annihilation operator
The Gazeau-Klauder coherent states are eigenstates of the annihilation operator
of the system under consideration. For the system governed by the Hamiltonian
H (= A+A− = a+a−), such states are labelled by |z, α〉, z ∈ C and α ∈ R (α
is the parameter entering in the eqs (26) and (27)), and they assumed to be the
solution of the eigenvalue equation
a− |z, α〉 = z |z, α〉 . (35)
To have their explicit form we decompose it in the basis {|ψn〉} such that
|z, α〉 =
+∞∑
n=0
an |ψn〉 (36)
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and insert this equation in (35) . Using equation (27), we find
an =
zn√
E(n)
e−iEnαa0, n > 0, (37)
with E(n) is given by (29). For n = 0, the states |ψ0〉 is an eigenstate of a− with
eigenvalue 0. Finally, the coherent states |z, α〉 take the form
|z, α〉 = a0
+∞∑
n=0
zn√
E(n)
e−iEnα |ψn〉 . (38)
The constant a0 will be fixed by imposing the normalization to unity. We get
|a0|−2 =
+∞∑
n=0
|z|2n
E(n)
. (39)
The coherent states (38) are continuous in z ∈ C and α ∈ R. Moreover, the
presence of the phase factor in the definitions equations (26) and (27) of the a−
and a+ actions leads to temporal stability of the coherent states. Indeed, we have
eiHt |z, α〉 = |z, α + t〉 . (40)
The analysis of completeness (in fact, the overcompleteness) require to compute
the identity resolution, that is∫
|z, α〉 〈z, α| dµ(z) = IH. (41)
Note that the integral is over the disk {z ∈ C, |z| < R}, where the radius of
convergence R is
R = lim
n→∞
n
√
E(n) (42)
and the measure dµ(z) has to be determined. To determine it, we suppose that
dµ(z) depends only on |z| (isotropy condition), we take
dµ(z) = [a0]
−2
h(r2)rdrdϕ ; z = reiϕ. (43)
Hence, the identity resolution can be written in the following form
IH =
+∞∑
n=0
|ψn〉 〈ψn|
[
pi
E(n)
∫ R2
0
h(u)undu
]
. (44)
The last equation is satisfied when we have
∫ R2
0
h(u)undu =
E(n)
pi
. (45)
It is clear that the identity resolution is then equivalent to the determination of
the function h(u) satisfying the equation (45). For R → ∞, the function h(u) is
the inverse Mellin transform of pi−1E(s− 1)
h(u) =
1
2pi2i
∫ c+i∞
c−i∞
E(s− 1)u−sds; c ∈ R. (46)
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Note that explicit computation of the function h(u) requires the knowledge of the
spectrum of the quantum mechanical system under consideration.
Using the equation (35), one can obtain the mean value of the Hamiltonian H
in the states |z, α〉
〈z, α|H |z, α〉 = |z|2 . (47)
This relation in known as the action identity.
Finally, we remark that the coherent states |z, α〉 can be written as an operator
U(z) acting in the ground state |ψ0〉
U(z) = a0 exp
(
z
N
g(N)
a+
)
(48)
such that we have
|z, α〉 = U(z) |ψ0〉 . (49)
In (48), g(N) ≡ H = a+a−. The operator U(z) is not unitary and cannot be
interpreted as the displacement operator in the Perelomov’s sense.
A final comment can be made in connection with the work of Gazeau and
Klauder [11]. In fact, the coherent states (38) satisfy all the requirements (continu-
ity, temporal stability, identity resolution, action identity) given in their approach
but they are more general since we are working with z ∈ C and α ∈ R. They
are eigenstates of the annihilation operator a−. Additional properties of this set
of states will be considered in section (5) .
3.2 Fock-Bargmann representation
It is well known that the Fock-Bargmann representation enable one to find simple
solutions of a number of problems, exploiting the theory of analytical entire func-
tions. In this subsection, generalizing the pioneering work of Bargmann [17] for
the usual harmonic oscillator, we give the Bargmann representation of an arbitrary
quantum mechanical system. We recall that in the Fock-Bargmann representation
for the standard harmonic oscillator, the creation operator a+ is the multiplication
by z while the annihilation operator a− is the differentiation with respect to z
For an arbitrary quantum system, we define the Fock-Bargmann space as a
space of functions which are holomorphic on a ring D of the complex plane. The
scalar product is written with an integral of the form
〈f |g〉 =
∫
f(z)g(z)dµ(z), (50)
where dµ(z) is the measure defined above (see Eq (43)). Let |f〉 be an arbitrary
quantum state of the system under study
|f〉 =
+∞∑
n=0
fn |ψn〉 ,with
+∞∑
n=0
|fn|2 <∞. (51)
Any state |f〉 is represented, in the Fock-Bargmann representation, as a function
of the complex variable z (using the so-called coherent states associated with the
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quantum system under consideration)
f(z) ≡ 〈z, α |f〉 =
+∞∑
n=0
zn√
E(n)
eiEnαfn. (52)
In particular, to the vectors |ψn〉 there correspond the monomials
〈z, α |ψn〉 = z
n√
E(n)
eiEnα. (53)
Using the equations (52) and (53), we can prove the following result: In the Fock-
Bargmann representation, we realize the annihilation operator a− by
a− = z−1g(z
d
dz
), (54)
the creation operator a+
a+ = z, (55)
and the operator number by
N = z
d
dz
. (56)
The Fock-Bargmann representation exists if we have a measure such that∫
|z, α〉 〈z, α| dµ(z) = IH. (57)
The existence of the measure, discussed previously for the so-called Gazeau-Klauder
coherent states, ensures that the scalar product takes the form (50). We note that
in the case where
g(z
d
dz
) = z
d
dz
, i.e. g(N) = N. (58)
we recover the well-known Fock-Bargmann representation of the harmonic oscil-
lator. The Fock-Bargmann realization discussed here will be the main tool to
construct the generalized intelligent states (see section 6).
4 Coherent states of Perelomov’s type
In view of the second definition of coherent states for the standard harmonic os-
cillator (group-theoretical approach), we define, for an arbitrary quantum system,
the states
|z, α〉 = exp
(
za+ − za−
)
|ψ0〉 , for z ∈ C, (59)
which we call of Perelomov’s type. We have to compute the action of the displace-
ment operator
D(z) = exp
(
za+ − za−
)
(60)
on the ground state |ψ0〉 of the quantum system under study. We will give the
result of this action in a closed form. An illustration is treated for the Po¨schl-Teller
and square-well potentials (in section 6).
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Using the actions of the annihilation and creation operators on the Hilbert space
{|ψn〉 , n = 0, 1, 2, ...} (eqs (26) and (27)), one can, after more or less complicated
computations, show that the states |z, α〉 can be written as follows
|z, α〉 =
+∞∑
n=0
zn√
Fn(|z|)
e−iEnα |ψn〉 . (61)
The quantities Fn(|z|) satisfy
Fn(|z|)E(n) (cn (|z|))2 = 1, (62)
where the coefficients cn (|z|) are given by
cn (|z|) =
+∞∑
j=0
(− |z|2)j
(n + 2j)!

n+1∑
i1=1
Ei1
i1+1∑
i2=1
Ei2 ....
ij−1+1∑
ij=1
Eij

 . (63)
Setting
pi (n+ 1, j) =
n+1∑
i1=1
Ei1
i1+1∑
i2=1
Ei2 ....
ij−1+1∑
ij=1
Eij and pi (n+ 1, 0) = 1, (64)
one can verify that the pi’s satisfy the following relation:
pi (n+ 1, j)− pi (n, j)
En+1
= pi (n + 2, j − 1) . (65)
Using this recurrence formula, one can show that the coefficients cn (|z| = r) satisfy
the following differential equation
dcn (r)
dr
=
1
r
cn−1 (r)− n
r
cn (r)− En+1cn+1 (r) r. (66)
Hence, solving this equation, we can obtain explicitly the coherent states |z, α〉
of Perelomov’s type. Of course, to solve this equation for an arbitrary quantum
system is, in general, not an easy task. However, solutions in some particular (and
interesting physical system) will be given in section 6. Here, as a first illustration of
the approach leading to coherent states of Perelomov’s type, we give the standard
harmonic oscillator coherent states using the above considerations. In this case
we show that (61) coincides with (2). For the harmonic oscillator En = n and
E (n) = n!.
To solve the equation (66), we set
cn (r) =
1
n!
+∞∑
m=0
amr
m. (67)
Substituting this expression in (66), we get the coefficients am,
a2p =
(−1)p
2pp!
a0 and a2p+1 = 0, (68)
where a0 = 1 because c0 (r = 0) = 1. Finally, we have
Fn (|z|) = n! exp
(
|z|2
)
(69)
and
|z, α〉 = exp
(
−|z|
2
2
)
+∞∑
n=0
zn√
n!
e−iαn |n〉 . (70)
We recover a well known result.
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5 Generalized intelligent states
These states minimize the Robertson-Schro¨dinger uncertainty relation [18, 19], and
generalize the Gazeau-Klauder coherent states.
Using the creation a+ and annihilation a− operators, we introduce the hermi-
tian operators
X =
1√
2
(
a+ + a−
)
, P =
i√
2
(
a+ − a−
)
, (71)
which satisfy the commutation relation
[X,P ] = iG (N) ≡ iG. (72)
The operator G (N), defined by (34), is not necessarily a multiple of the unit op-
erator (for an arbitrary quantum system). It is well known that for two hermitian
operators X and P satisfying the noncanonical commutation relation (72), the
variances (∆X)2 and (∆P )2 satisfy the Robertson-Schro¨dinger uncertainty rela-
tion
(∆X)2 (∆P )2 ≥ 1
4
(
〈G〉2 + 〈F 〉2
)
, (73)
where the operator F is defined by
F = {X − 〈X〉 , P − 〈P 〉} (74)
or by
F = i
[(
2a− −
〈
a−
〉) 〈
a−
〉
+
(
−2a+ +
〈
a+
〉) 〈
a+
〉
− a−2 + a+2
]
(75)
in terms of the operators a− and a+. The symbol {, } in (74) stands for the
anti-commutator. When there is a correlation between X and P, i.e. 〈F 〉 6= 0,
the relation (73) is a generalization of the usual one ( the Heisenberg uncertainty
condition)
(∆X)2 (∆P )2 ≥ 1
4
〈G〉2 . (76)
The special form (76) is identical with the general form (73) if X and P are
uncorrelated, i.e., 〈F 〉 = 0. The general uncertainty relation (73) is better suited
to determine the lower bound on the product of variances in the measurement of
observables corresponding to the noncanonical operators. The so-called generalized
intelligent states are obtained when the equality in the Robertson-Schro¨dinger
uncertainty relation is realized [20]. The inequality in (73) becomes equality for
the states satisfying the equation (see also, [20− 23])
(X + iλP ) |ψ〉 = z
√
2 |ψ〉 , λ, z ∈ C. (77)
As a consequence, we have the following relations
(∆X)2 = |λ|∆, (∆P )2 = 1|λ|∆, (78)
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with
∆ =
1
2
√
〈G〉2 + 〈F 〉2. (79)
The average values 〈G〉 and 〈F 〉, in the states satisfying the eigenvalue equation
(77), can be expressed in terms of the variances as follows:
〈G〉 = 2Re (λ) 〈∆P 〉2 , 〈F 〉 = 2Im (λ) 〈∆P 〉2 . (80)
It is clear, from (78), that if |λ| = 1 we have
(∆X)2 = (∆P )2 . (81)
We call the states satisfying (81) with |λ| = 1, the generalized coherent states. For
|λ| 6= 1, the states are called generalized squeezed states.
Using Eq. (77), one can obtain some general relations for the average values and
dispersions of X and P in the states which minimize the Robertson-Schro¨dinger
uncertainty relation (73). We have
(∆X)2 =
1
2
(Re (λ) 〈G〉+ Im (λ) 〈F 〉) , (82)
(∆P )2 =
1
2 |λ|2 (Re (λ) 〈G〉+ Im (λ) 〈F 〉) , (83)
Im (λ) 〈G〉 = Re (λ) 〈F 〉 . (84)
In order to give a complete classification of the so-called generalized intelligent
states for an arbitrary quantum system, we have to solve the eigenvalue equation
(77). Such computation was considered previously by the authors in [15, 16]. The
states minimizing the Robertson-Schro¨dinger uncertainty relation are given by
|ψ〉 ≡ |z, λ, α〉 =
+∞∑
n=0
dn |ψn〉 , dn ≡ dn (z, α, λ) . (85)
For the case where λ 6= −1, the coefficients dn are given by the following expression
dn = d0
(2z)n
(1 + λ)n
√
E (n)

 ∑
h=0(1)[n2 ]
(−1)h (1− λ
2)
h
(2z)2h
∆(n, h)

 e−iαEn , (86)
where the symbol
[
n
2
]
stands for the integer part of n
2
and the function ∆ (n, h) is
defined by
∆ (n, h) =
n−(2h−1)∑
j1=1
Ej1

n−(2h−3)∑
j2=j1+2
Ej2 ...

...

 n−1∑
jh=jh−1+2
Ejh



 ...

 . (87)
We note that the case λ = −1, leading to the unnormalized solution, is not of
interest.
The states |z, λ, α〉 can be also given as the action of some operator on the
ground state |ψ0〉 ofH . A more or less complicated manipulation give the following
result:
|z, λ, α〉 = U (λ, z) |ψ0〉 , (88)
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where
U (λ, z) = d0
∞∑
n=0
((
2z
λ+ 1
)
a+
g (N)
+
(
λ− 1
λ+ 1
)
1
g (N)
(
a+
)2)n
. (89)
Note that the states |z, λ, α〉 are stable temporally. As a first illustration of this
construction, we can obtain the generalized intelligent states for the standard
harmonic oscillator (g (N) = N). We have (up to normalization constant)
|z, λ, α〉 = exp
[(
λ− 1
λ+ 1
)
(a+)
2
2
]
exp
[(
2z
λ+ 1
)
a+
]
|0〉 , (90)
where |0〉 is the ground states for the harmonic oscillator.
The Gazeau-Klauder coherent states correspond to the situation λ = 1. In this
case, the coefficients dn are given by
dn = d0
zn√
E (n)
e−iαEn , (91)
and the coherent states |z, λ = 1, α〉 coincide with Gazeau-Klauder ones |z, α〉
given by eq (38). The normalization factor d0 is given by eq (39). The states
|z, λ = 1, α〉 ≡ |z, α〉 minimize the Heisenberg uncertainty relation (76) and are
eigenvectors of the annihilation operator a−. We have
(∆X)2 = (∆P )2 =
1
2
〈G〉 , (92)
where
〈G〉 = d20
+∞∑
n=0
|z|2n
E (n)
En+1 − |z|2 and 〈F 〉 = 0. (93)
The latter equation traduce the fact that there is no correlation between X and
P . For the harmonic oscillator, it is easy to see that 〈G〉 = 1 and 2 (∆X)2 =
2 (∆P )2 = 1.
As we mentioned above, the coherent states minimizing Robertson-Schro¨dinger
uncertainty relation correspond to the case |λ| = 1. The case λ = 1 correspond the
Gazeau-Klauder coherent states and λ = −1 is not allowed by our construction.
Setting λ = eiθ (θ 6= kpi; k ∈ N), the states |z, λ, α〉 are coherent and dispersions
are given by
(∆X)2 = (∆P )2 =
1
2 |cos θ| 〈G〉 . (94)
The main value of the operator F is nonvanishing (vanish only in the Gazeau-
Klauder coherent states, i.e., λ = 1) and it is given by
〈F 〉 = tgθ 〈G〉 . (95)
From the latter equation, we conclude that the presence of the correlation (〈F 〉 6=
0) does not forbid the system to be prepared in a coherent states. This result is
true for any quantum system. The properties of the states |z, λ, α〉 turned out to
be sensitive about the spectral properties of the commutator [a−, a+] = G (N).
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To close this section, we note that the minimization of the Robertson-Schro¨dinger
uncertainty relation leads to more general expressions of coherent states associated
to an arbitrary quantum system. The Gazeau-Klauder coherent states (λ = 1)
(eigenvectors of the annihilation operator) constitute a particular case of such
coherent states class (|λ| = 1).
6 Application: Po¨schl-Teller potentials
We start by recalling the eigenvalues and eigenstates of infinite square well and
Po¨schl-Teller potentials [24] (see also [25] and references therein). We consider the
Hamiltonian
H = − d
2
dx2
+ Vκ,κ′ (x) (96)
describing a particle on the line, and submitted to the potential
Vκ,κ′(x) =


1
4a2
[
κ(κ−1)
sin2( x2a)
+ κ
′
(κ
′−1)
cos2( x2a)
]
− (κ+κ
′
)2
4a2
, 0 < x < pia
∞ x ≤ 0, x ≥ pia
(97)
for κ > 1 and κ
′
> 1. It is well known that the Po¨schl-Teller potentials interpolate
between the harmonic oscillator and infinite square well. The infinite square well
takes place in the limit κ = κ
′
= 1.
The Hamiltonian H can be written in the factorized form
H = A+
κ,κ
′A
−
κ,κ
′ , (98)
where the operators A−
κ,κ
′ and A+
κ,κ
′ are given by
A±
κ,κ
′ = ∓ d
dx
+Wκ,κ′ (x) (99)
in terms of the superpotentials Wκ,κ′ (x)
Wκ,κ′ (x) =
1
2a
[
κcotg
(
x
2a
)
− κ′tang
(
x
2a
)]
. (100)
The eigenvectors are given by
ψn (x) =
[
cn(κ, κ
′
)
]− 1
2
(
cos
x
2a
)κ′ (
sin
x
2a
)κ
P
(κ− 1
2
,κ
′− 1
2
)
n
(
cos
(
x
a
))
(101)
with cn(κ, κ
′
) are the normalization constant which takes the form
cn
(
κ, κ
′
)
= a
Γ(n+ κ+ 1
2
)Γ(n + κ
′
+ 1
2
)
Γ(n+ 1)Γ(n+ κ + κ′)Γ(2n+ κ + κ′)
(102)
and P (α,β)n ’s stands for the Jacobi polynomials.
The eigenvalues of H are given by
H |ψn〉 = n(n + κ+ κ′) |ψn〉 . (103)
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To find the annihilation and creation operators for the Po¨schl-Teller system, we
follow the strategy given in section 2. So, we denote H by H− and Vκ,κ′ (x) by
V −κ,κ′ (x) the Hamiltonian H+ = A
−
κ,κ′A
+
κ,κ′ (supersymmetric partner of H ≡ H−)
H+ = −1
2
d2
dx2
+ V +κ,κ′ (x) , (104)
describes a quantum system trapped in the potentials
Vκ,κ′(x) =


1
8a2
[
κ(κ−1)
sin2( x2a)
+ κ
′
(κ
′−1)
cos2( x2a)
]
− (κ+κ
′
)2
8a2
, 0 < x < pia
0, x ≤ 0, x ≥ pia.
(105)
The eigenstates of H+ are given by
θn (x) =
[
cn(κ + 1, κ
′
+ 1)
]− 1
2
(
cos
x
2a
)κ′+1 (
sin
x
2a
)κ+1
P
(κ+ 1
2
,κ
′
+ 1
2
)
n
(
cos
(
x
a
))
,
(106)
where the cn(κ, κ
′
) are defined by (102) .
The eigenvalues are en = (n+1)(n+κ+κ
′ +1). Using the operators A−κ,κ′ and
A+κ,κ′ and the unitary transformation U connecting ψn (x) and θn (x) (see section
2), we define the creation and annihilation operators by
a+κ,κ′ = A
+
κ,κ′U and a
−
κ,κ′ = U
+A−κ,κ′. (107)
The creation and annihilation operators a+
κ,κ
′ and a−
κ,κ
′ act on |ψn〉 as follows
a+
κ,κ
′ |ψn〉 =
√
(n + 1) (n+ 1 + κ + κ′)e−iα(2n+1+κ+κ
′
) |ψn+1〉 ,
a−
κ,κ
′ |ψn〉 =
√
n (n + κ+ κ′)eiα(2n−1+κ+κ
′
) |ψn−1〉 , (108)
and satisfy the following commutation relation[
a−
κ,κ
′ , a
+
κ,κ
′
]
= Gκ,κ′ (N) , (109)
where
Gκ,κ′ (N) ≡ G (N) = 2N + (1 + κ+ κ
′
). (110)
We note that N 6= a+
κ,κ
′a
−
κ,κ
′ = H.
6.1 Gazeau-Klauder coherent states
Using the result of section (3), the so-called Gazeau-Klauder coherent states (eigen-
states of the annihilation operator a−
κ,κ
′ ) reads as
|z, α〉 = N (|z|)
+∞∑
n=0
zne−iαn(n+κ+κ
′
)√
Γ(n+ 1)Γ(n+ κ + κ′ + 1)
|ψn〉 , (111)
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with N (|z|) the normalization constant which takes the form
[N (|z|)]2 = |z|
κ+κ
′
Iκ+κ′ (2 |z|)
, (112)
where Iκ+κ′ (2 |z|) is the modified Bessel function of the first kind.
The identity resolution is given explicitly by∫
|z, α〉 〈z, α| dµ (z) = IH, (113)
where the measure can be computed by the inverse Mellin transform [26]
dµ (z) =
2
pi
Iκ+κ′ (2r)Kκ+κ′
2
(2r) rdrdφ, z = riφ. (114)
The Gazeau-Klauder coherent states of the infinite square well are obtained from
the Po¨schl-Teller ones simply by putting κ + κ
′
= 2.
The Gazeau-Klauder coherent states form an overcomplete family of states
(resolving the unity by integration with respect to the measure given by (114)),
and provide a representation of any state |f〉 by an entire function
f(z, α) =
√√√√Iκ+κ′ (2 |z|)
|z|κ+κ′
〈z, α |f〉
=
+∞∑
n=0
〈ψn |f〉 z
neiαn(n+κ+κ
′
)√
Γ (n + 1)Γ (n+ κ+ κ′ + 1)
. (115)
In particular, the analytic functions corresponding to the vectors |ψn〉 are
Fn (z, α) = z
neiαn(n+κ+κ
′
)√
Γ (n+ 1) Γ (n + κ+ κ′ + 1)
. (116)
Using the Fock-Bargmann representation discussed in the subsection (3.2), the
creation and annihilation operators, for quantum system evolving in Po¨schl-Teller
(or in the infinite square well) potentials, are realized by
a+
κ,κ
′ = z, a−
κ,κ
′ = z
d2
dz2
+ (κ + κ
′
+ 1)
d
dz
, (117)
and the operator Gκ,κ′ (N), in this representation, acts as
G = 2z
d
dz
+ (κ+ κ
′
+ 1). (118)
In fact, one can verify that
a+
κ,κ
′Fn (z, α) =
√
(n+ 1) (n + 1 + κ+ κ′)e−iα(2n+1+κ+κ
′
)Fn+1 (z, α)(119)
a−
κ,κ
′Fn (z, α) =
√
n (n+ κ+ κ′)eiα(2n−1+κ+κ
′
)Fn−1 (z, α) , (120)
Gκ,κ′ (N)Fn (z, α) = (2n+ 1 + κ+ κ
′
)Fn (z, α) . (121)
This realization will be useful, as we will see, to construct the Po¨schl-Teller gen-
eralized intelligent states which minimize the Robertson-Schro¨dinger uncertainty
relation.
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6.2 Po¨schl-Teller coherent states of Perelomov’s type
In section (4), we defined coherent states of Perelomov’s type for an arbitrary
quantum system. The expressions of these states are given by infinite series (more
or less complicated). As a first illustration, we discussed the harmonic oscillator
system. Here, we construct the Po¨schl-Teller coherent states a` la Perelomov. In
this order, we have to solve the differential equation (66) for the Po¨schl-Teller
potentials (En = n(n + κ+ κ
′
)) . In this case, the solutions are
cn(r) =
1
n!rn
ß
− 1
2
(κ+κ
′
+1)
m,n+ 1
2
(κ+κ′+1)
(cosh(2r)) , (122)
because the Jacobi functions ß satisfy the following differential equation [27]
d
dr
ßlm,n−l(cosh (2r)) = nß
l
m,n−1−l(cosh (2r))− (n− 2l) ßlm,n+1−l(cosh (2r)), (123)
where l = −1
2
(κ + κ
′
+ 1) and m is a free integer parameter which will be fixed
after. These functions play an important role in the representation theory of the
QU(2) group of unimodular quasi-unitary matrices.
The differential equation (123) admits several solutions. However, an admis-
sible solution is obtained by noting that D (z = 0) = 1. Using the definition
of the Jacobi functions [27] ,The unique solution, compatible with the condition
D (z = 0) = 1, is given by
cn(r) =
1
n!rn
ß
− 1
2
(κ+κ
′
+1)
1
2
(κ+κ′+1),n+ 1
2
(κ+κ′+1)
(cosh(2r)) , (124)
which can be written also as
cn(r) =
1
n!
(cosh(r))−(κ+κ
′
+1)
(
tanh r
r
)n
. (125)
The coherent states of Perelomov’s type take the form
|z, α〉 =
(
1− tanh2 |z|
) 1
2
(κ+κ
′
+1)
+∞∑
n=0
(
z tanh |z|
|z|
)n
×

 Γ
(
n + κ+ κ
′
+ 1
)
Γ (n+ 1) Γ (κ+ κ′ + 1)


1
2
e−iαn(n+κ+κ
′
) |ψn〉 . (126)
Finally, setting ζ = z tanh|z||z| , we obtain
|ζ, α〉 =
(
1− |ζ |2
) 1
2
(κ+κ
′
+1)
+∞∑
n=0
ζn

 Γ
(
n+ κ+ κ
′
+ 1
)
Γ (n + 1)Γ (κ + κ′ + 1)


1
2
e−iαn(n+κ+κ
′
) |ψn〉(127)
We note that the parameter ζ belongs to the unit disk D = {ζ ∈ C, |ζ | < 1} .
The states are stable temporally. Indeed
e−iHt |ζ, α〉 = |ζ, α+ t〉 . (128)
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The identity resolution is given by∫
|ζ, α〉 〈ζ, α|dµ (ζ) = IH, (129)
where the measure is
dµ (ζ) =
κ + κ
′
pi
d2ζ(
1− |ζ |2
)2 . (130)
There are two main consequence arising from the former result. First, we can
express any coherent state | ζ ′, α′〉 in terms of the others
| ζ ′, α′〉 =
∫
|ζ, α〉 〈ζ, α| ζ ′, α′〉dµ (ζ) . (131)
The kernel 〈ζ, α| ζ ′, α′〉 is easy to evaluate from (127)
〈ζ, α| ζ ′, α′〉 =
√(
1− |ζ |2
)(κ+κ′+1) (
1− |ζ ′|2
)(κ+κ′+1) +∞∑
n=0
ζ
n
ζ
′n ×
Γ
(
n+ κ+ κ
′
+ 1
)
Γ (n+ 1)Γ (κ+ κ′ ++1)
e−i(α
′−α)n(n+κ+κ′). (132)
The coherent states are normalized (〈ζ, α| ζ, α〉 = 1), but they are not orthogonal
to each other.
Second, an arbitrary element state of the Hilbert space H , let us call it |f〉,
can be written in terms of the coherent states
|f〉 =
∫ (
1− |ζ |2
) 1
2
(κ+κ
′
+1)
f(ζ, α) |ζ, α〉dµ (ζ) , (133)
where the analytic function
f
(
ζ, α
)
=
(
1− |ζ |2
)− 1
2
(κ+κ
′
+1) 〈
ζ, α
∣∣∣ f〉
=
+∞∑
n=0
ζn

 Γ
(
n+ κ + κ
′
+ 1
)
Γ (n + 1)Γ (κ+ κ′ + 1)


1
2
eiαn(n+κ+κ
′
) 〈ψn| f〉 (134)
determines in a complete way the state |f〉 ∈ H. The state |ψn〉 is represented by
the function
F ′n (ζ, α) = ζn

 Γ
(
n + κ+ κ
′
+ 1
)
Γ (n+ 1)Γ (κ+ κ′ + 1)


1
2
eiαn(n+κ+κ
′
). (135)
The creation a+
κ,κ
′ annihilation a−
κ,κ
′ and Gκ,κ′ (N) operators act in the Hilbert
space of analytic functions f (ζ, α) as a first-order differential operators:
a+
κ,κ
′ = ζ2
d
dζ
+ (κ + κ
′
+ 1)ζ, a−
κ,κ
′ =
d
dζ
,
Gκ,κ′ (N) ≡ G = 2ζ
d
dζ
+ (κ+ κ
′
+ 1). (136)
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One can verify that
a+
κ,κ
′F ′n (ζ, α) =
√
(n+ 1) (n + 1 + κ+ κ′)e−iα(2n+1+κ+κ
′
)F ′n+1 (ζ, α)(137)
a−
κ,κ
′F ′n (ζ, α) =
√
n (n+ κ+ κ′)eiα(2n−1+κ+κ
′
)F ′n−1 (ζ, α) , (138)
Gκ,κ′ (N)F ′n (ζ, α) = (2n+ 1 + κ+ κ
′
)F ′n (ζ, α) . (139)
The analytic representation of the Gazeau-Klauder coherent states and the ana-
lytical realization of the Perelomov ones in the unit disk are related through a
Laplace transform. Indeed one can verify easily that
F ′n (ζ, α) =
ζ−(κ+κ
′+1)√
Γ(κ+ κ′ + 1)
∫ +∞
0
zκ+κ
′Fn (z, α) e−
z
ζ dz, (140)
which means that the function F ′n
(
1
ζ
, α
)
is the Laplace transform of zκ+κ
′Fn (z, α).
A similar result was obtained in [28] showing that the representation in the unit
disk and Barut-Girardello one, based on the su(1, 1) coherent states, are related
through a Laplace transform.
6.3 Po¨schl-Teller generalized intelligent states
The generalized intelligent states can be determined by using two analytic repre-
sentation, one based on the so-called Gazeau-Klauder coherent states (section 3)
and the other one on the Perelomov’s coherent states (section 4).
6.3.1 The Gazeau-Klauder analytic representation
We introduce the analytic function
Φ(z′,λ,α) (z) =
√√√√Iκ+κ′ (2 |z|)
|z|κ+κ′ 〈z, α |z
′, λ, α〉 (141)
by mean of which one convert the eigenvalues equation[
(1 + λ) a−κ,κ′ + (1− λ) a+κ,κ′
]
|z′, λ, α〉 = 2z′ |z′, λ, α〉 (142)
into the second-order linear homogeneous differential equation[
(1 + λ)
(
z
d2
dz2
+ (κ + κ′ + 1)
d
dz
)
+ (1− λ) z − 2z′
]
Φ(z′,λ) (z) = 0. (143)
We first consider the general case λ 6= ±1. Setting
Φ(z′,λ) (z) = exp

±
√
λ− 1
λ+ 1
z

F(z′,λ)(z), (144)
The equation can be transformed in the Kummer equation[
Z
d2
dZ2
+ (κ+ κ′ + 1− Z) d
dZ
−
(
κ + κ′ + 1
2
∓ z
′
√
λ2 − 1
)]
F(z′,λ) (z) = 0, (145)
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where Z = ∓2
√
λ−1
λ+1
z
Then the solutions of the equation (143) are given by
Φ(z′,λ) (z) = exp

±
√
λ− 1
λ+ 1
z


1F1

κ + κ′ + 1
2
∓ z
′
√
λ2 − 1 , κ+ κ
′ + 1;∓2
√
λ− 1
λ+ 1
z


(146)
or
Φ(z′,λ) (z) = exp

±
√
λ− 1
λ+ 1
z

 z−(κ+κ′) 1F1

1− (κ+ κ′)
2
∓ z
′
√
λ2 − 1 , 1− (κ+ κ
′);∓2
√
λ− 1
λ+ 1
z


(147)
The first solution (146) is always analytic, but the solution (147) is not (Remember
that κ > 1 and κ′ > 1). The upper and lower signs in equation (146) are equivalent,
because the confluent hypergeometric function 1F1(α, γ; z) can be written in two
equivalents forms which are related by Kummer’s transformation
1F1(α, γ; z) = e
z
1F1(γ − α, γ,−z). (148)
Using the properties of this hypergeometric functions, we conclude that the squeez-
ing parameter λ obeys to the condition√√√√∣∣∣∣∣λ− 1λ+ 1
∣∣∣∣∣ < 1⇔ Re(λ) > 0, (149)
which exactly the restriction on λ imposed by the positivity of the commutator[
a−
κ,κ
′ , a
+
κ,κ
′
]
= Gκ,κ′ (N) (see equations (109) and (110)).
We consider now the degenerate cases λ = −1 and λ = 1. For the λ = −1 the
equation (143) does not have any normalized analytic solution (the operator a+κ,κ′
does not have any eigenstate). For λ = 1, using the power series of 1F1(a, b; z), we
get
Φ(z′,λ=1) (z) = 0F1(κ+ κ
′ + 1; zz′). (150)
The result (150) coincides with the solution (111) (up to normalization constant)
for λ = 1, and we recover the Po¨schl-Teller coherent states defined as the a−κ,κ′
eigenstates.
6.3.2 The Perelomov coherent state basis and analytic representation
in the unit disk
To solve the eigenvalues equation (142), using the analytic representation of Perelo-
mov coherent states in the unit disk, we introduce the analytic function
Φ(ζ′,λ) (ζ) =
(
1− |ζ |2
)− 1
2
(κ+κ
′
+1) 〈ζ, α |ζ ′, λ, α〉 . (151)
Equation (142) is then converted to the following differential equation
[[
(1− λ)ζ2 + (1 + λ)
] d
dζ
+ (1− λ)(κ′ + κ + 1)ζ − 2ζ ′
]
Φ(ζ′,λ)(ζ) = 0. (152)
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Admissible values of λ and ζ ′ are determined by the requirements that the functions
Φ(ζ′,λ)(ζ) must be analytic in the unit disk. We consider the general case. The
solution of Eq. (152) is
Φ(ζ′,λ)(ζ) = N− 12
∏
l=±1

1 + l
(
λ− 1
λ+ 1
) 1
2
ζ


− 1
2
(κ+κ′+1)+l ζ
′√
λ2−1
, (153)
where N is a normalization constant. The condition of analyticity requires
∣∣∣∣∣λ− 1λ+ 1
∣∣∣∣∣ < 1⇔ Reλ > 0. (154)
If Reλ < 0, the function Φ(ζ′,λ)(ζ) cannot be analytic in the unit disk.
The decomposition of the generalized intelligent states |ζ ′, λ, α〉 over the Hilbert
orthonormal basis {|ψn〉} can be obtained by expanding the function Φ(ζ′,α)(ζ) into
a power series in ζ. This can be done using the following relations

1 +
(
λ− 1
λ+ 1
) 1
2
ζ


α+ 
1−
(
λ− 1
λ+ 1
) 1
2
ζ


α−
=
+∞∑
n=0
ζn

2
√
λ− 1
λ+ 1


n
P (α+−n,α−−n)n (0),
(155)
where
α± = −1
2
(κ + κ′ + 1)± ζ
′
√
λ2 − 1 . (156)
Then, the function Φ(ζ′,α)(ζ) can be expanded in terms of the Jacobi polynomials
P (α,β)n (x). Using the relation between the hypergeometric function and Jacobi
polynomials [27], one can show
|ζ ′, λ, α〉 = N− 12
+∞∑
n=0
[
Γ(κ + κ′ + 1)
n!Γ(κ+ κ′ + 1 + n)
] 1
2
[
Γ(α+ + 1)
Γ(α+ − n + 1)
]2
√
λ− 1
λ+ 1


n
×
2F1(−n,−n− (κ+ κ′), α+ − n + 1; 1
2
)e−iαEn |ψn〉 (157)
or
|ζ ′, λ, α〉 = N− 12
+∞∑
n=0
[
n!Γ(κ + κ′ + 1)
Γ(κ+ κ′ + 1 + n)
] 1
2

2
√
λ− 1
λ+ 1


n
P (α+−n,α−−n)n (0)e
−iαEn |ψn〉 .
(158)
The generalized intelligent states Φ(ζ′,λ)(ζ) and Φ(z′,λ)(z) are related through a
Laplace transform. In fact, equation (152) can be written as
[[
(1 + λ)ζ2 + (1− λ)
] d
dζ
− (1− λ)(κ
′ + κ+ 1)
ζ
+ 2ζ ′
]
Φ(ζ′,λ)
(
1
ζ
)
= 0. (159)
Using
Φ(ζ′,λ)
(
1
ζ
)
=
ζ−(κ+κ
′+1)√
Γ(κ+ κ′ + 1)
∫ +∞
0
zκ+κ
′
Φ(ζ′,λ)(z)e
− z
ζ dz. (160)
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It is easy to see that the eigenvalues equation (159) becomes
[
(1 + λ)
(
z
d2
dz2
+ (κ+ κ′ + 1)
d
dz
)
+ (1− λ) z − 2ζ ′
]
Φ(ζ′,λ) (z) = 0, (161)
which coincides with (143) ones (ζ ′ = z′) that gives the generalized intelligent
states (146) .
7 Summary
In this work, we have explicitly constructed the Gazeau-Klauder and Perelomov
coherent states for an arbitrary quantum system. As an application, of this con-
struction, we considered the system trapped in the Po¨schl-Teller potentials type.
We shown that the analytical representations of Gazeau-Klauder and Perelomov
coherent states (which are related through a Laplace transform) enables us to com-
pute the generalized intelligent states for the Po¨schl-Teller potentials. Finally, it
should be interesting to investigate further applications of the results obtained on
this work. Indeed, it is interest, in our opinion, to construct the coherent states and
generalized intelligent states for the Shape invariant potentials [29]. This matter
will be considered in a forthcoming work.
Acknowledgments
The authors are grateful to the referee for critical comments and ex-
tensive suggestions on an earlier draft of the manuscript, which helped
greatly to improve the clarity of the presentation. The senior author
M. Daoud would like to thank V. Hussin for valuable discussions.
22
References
[1] J. R. Klauder and B. S. Skagerstam, Coherent States-Applications in Physics
and Mathematical Physics (World Scientific, Singapore, 1985).
[2] A. Perelomov, Generalized Coherent States and their Applications (Texts and
Monographs in Physics) (Springer-Verlag, Berlin, 1986).
[3] S. T. Ali, J-P. Antoine and J-P. Gazeau, Coherent States, Wavelets and Their
Generalizations (Springer-Verlag, New York, 2000).
[4] E. Schro¨dinger, Naturwiss, 14 (1926) 664.
[5] R. J. Glauber, Phys. Rev. 130 (1963) 2529; 131 (1963) 2766.
[6] E. C. G. Sudarshan, Phys. Rev. Lett. 10 (1963) 277.
[7] A. M. Perelomov, Commun. Math. Phys. 26 (1972) 222.
[8] A. O. Barut and L. Girardello, Commun. Math. Phys. 21 (1971) 41.
[9] M. M. Nieto and L. M. Simmons, Phys. Rev. Lett. 41 (1987) 207.
[10] J. R. Klauder, J. Phys. A: Math. Gen. 29 (1996) L 293.
[11] J-P. Gazeau and J-R. Klauder, J. Phys. A: Math. Gen. 32 (1999) 123.
[12] J-P. Gazeau and P. Monceau, in Conferance Moshe Flato, p. 1 (1999), G. Dito
and D. Sternheimer (eds.).
[13] J-P. Gazeau and B. Champagne, ”The Fibonacci-deformed harmonic oscilla-
tor”, in Algebraic Methods in Physics, Y. Saint-Aubin and L. Vinet (eds.),
CRM Series in Theoretical and Mathematical Physics, Vol. 3 (Springer-
Verlag, Berlin) 2000.
[14] M. Daoud and V. Hussin, General sets of coherent states, supersymmetric
quantum systems and the Jaynes-Cummings models, submitted to J. Phys.
A: Math. Gen.
[15] A. H. El Kinani and M. Daoud, J. Phys. A: Math. Gen. 34 (2001) 5373; Phys.
Lett. A 283 (2001) 291.
[16] A. H. El Kinani and M. Daoud, Inter. J. Modern. Phys. B Vol. 15 (2001)
2465.
[17] V. Bargmann, Commun. Pure Applied Math. 14 (1961) 187.
[18] E. Schro¨dinger, Sitzungsber. Preuss. Acad. Wiss. Phys-Math. Klasse, 19
(Berlin, 1930) p. 296.
23
[19] H. P. Robertson, Phys. Rev. 35 (1930) 667A; Phys. Rev. 46 (1934) 794.
[20] V. V. Dodonov, E. V. Kurmyshev and V. I. Man’ko, Phys. Lett. A 79 (1980)
150.
[21] C. Brif, Inter. Jour. Theo. Phys. 36 (1997) 1651.
[22] D. A. Trifonov, Phys. Lett. A 48 (1974) 165; J. Math. Phys. 35 (1994) 2297.
[23] V. Hussin, Generalized minimum uncertainty relation and a new class of
super-squeezed states, in Proceeding of ”6th Inter. Conf. on squeezed states
and uncertainty relation, Naples-Italy, May 1999”. To be published.
[24] G. Po¨schl and E. Teller, Z. Physik 83 (1933) 143.
[25] C. Daskaloyannis, J. Phys. A: Math. Gen. 25 (1992) 261.
[26] H. Bateman, Table of integral transforms, Vol 1, 1954, Ed A Erde´lyi (New
York, Mc Graw Hill).
[27] Vilenkin, N. Ya. Special functions and the theory of group representations,
American Mathematical Society, Providence, Rhode Island (1968).C. Brif, A.
Vourdas and A. Mann, J. Phys. A: Math. Gen. 29 (1996) 5873.
[28] C. Brif, A. Vourdas and A. Mann, J. Phys. A: Math. Gen. 29 (1996) 5873.
[29] F. Cooper, A. Khare and U. P. Sukhatme, Phys. Rep. 251 (1995) 268.
24
